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Abstract 
A graph is P4-connected if for every partition of its vertices into two nonempty disjoint sets 
there is a chordless path on four vertices which contains vertices from both sets in the partition. 
An alternative characterization states that a graph is P4-connected if and only if any two vertices 
are connected by a Pa-chain, that is, a sequence of vertices such that every four consecutive 
ones induce a P4. 
In this paper we study graphs where each induced subgraph contains a vertex which belongs 
to at most one P4. It turns out that the P4-connected components of these graphs are provided 
with structural properties which can be expressed in a quite analogous way to the numerous 
characterizations of ordinary trees. Among others, we present characterizations by forbidden 
subgraphs, in terms of the number of P4s, and by the uniqueness of P4-chains connecting two 
vertices. (~) 1998 Elsevier Science B.V. All rights reserved 
Keywords: P4-structure; p-connected graphs; p-trees; Structural properties 
1. Introduction 
The starting point and the original motivation for many investigations concerning the 
P4-structure of graphs are the cographs which have been intensively studied by various 
researchers (see e.g. [5]). Cographs are precisely the graphs containing no chordless 
path on four vertices, termed a/°4. In a series of papers, Jamison and Olariu extended 
the very restrictive class of cographs to graphs called P4-reducible [7], P4-extendible 
[8] and P4-sparse 9raphs [9]. These classes have been further generalized by Babel 
and Olariu to so-called (q, t)-graphs [1] which are characterized by containing, in some 
local sense, only a small number of P4s. 
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Very recently, Jamison and Olariu introduced the notion of P4-connectedness and 
presented a structure theorem for arbitrary graphs in terms of P4-connected components 
[10] which results in a decomposition scheme along with a unique tree representation. 
The interior nodes of the tree correspond to three simple types of graph operations, 
while the leaves are the P4-connected components of the graph. 
A common feature of the graph classes mentioned before is the fact that their P4- 
connected components are either of restricted size or are isomorphic to graphs of a 
very simple nature called spiders. In this paper we investigate graphs with the property 
that each induced subgraph contains a vertex which belongs to at most one P4. It turns 
out that the P4-connected components of these graphs are provided with very nice 
structural properties which can be expressed in a quite analogous way to the numerous 
characterizations of ordinary trees. 
The paper is organized as follows. In Section 2 we present basic definitions and 
summarize previous results on P4-connectedness including a novel characterization f
P4-connected graphs by means of Pa-chains. In Section 3 we introduce and investigate 
the concept of Pa-articulation-vertices. Our new graph class is presented in Section 4 
where we also expose the relations to other known classes. Finally, in Section 5, we 
discuss the structural properties of the new class. 
2. p-connected graphs 
All graphs in this paper are supposed to be finite and with no loops or multiple 
edges. For graph-theoretic notations which are not explicitly explained we refer to 
[3]. 
Let G = (V,E) be a graph with vertex-set V and edge-set E. We denote by n the 
cardinality of V. I f  v is a vertex of G then N(v) is the set of all vertices which are 
adjacent o v, also called neighbors of v. Given a subset U of V, let G(U) stand for 
the subgraph of G which is induced by U. For sake of simplicity, we occasionally 
write G - v instead of G(V - {v}). A clique is a set of pairwise adjacent vertices, a 
stable set is a set of pairwise nonadjacent vertices. 
Let Pk denote the chordless path on k vertices and k -  1 edges. In a P4 with vertices 
u,v,w,x and edges uv, vw, wx, vertices v and w are referred to as midpoints whereas 
u and x are called endpoints. 
Following the terminology of [10], a graph G -- (V,E) is Pa-connected, or p -  
connected for short, if for every partition of V into nonempty disjoint sets V1,/I2 
there exists a P4 containing vertices from both sets in the partition. Such a P4 is 
termed as crossing between VI and V2. The p-connected components of a graph are 
the maximal induced p-connected subgraphs. Note that every p-connected component 
has either one or at least four vertices. Furthermore, the p-connected components are 
closed under complementation a d are connected subgraphs of both G and G. It is not 
hard to recognize that the vertex-set of each graph has a unique partition into subsets 
of vertices which induce the p-connected components of the graph. 
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A p-connected graph is termed separable if its vertex-set V can be partitioned 
into two nonempty disjoint sets Vi and ~ in such a way that each crossing P4 has its 
midpoints in V1 and its endpoints in ~.  This partition is commonly written as (Vl, V2). 
It is obvious that the complement of a separable p-connected graph is also separable. 
The partition (Vi, V2) of G becomes (V2, Vi ) in G. 
The following structure theorem of Jamison and Olariu [10] shows that separable 
p-connected graphs play a crucial role in the decomposition of arbitrary graphs. 
Theorem 1 (Structure theorem). For an arbitrary #raph G exactly one of the Jbllow- 
in 0 conditions is satisfied: 
(1) G is disconnected; 
(2) G is disconnected; 
(3) There is a unique proper separable p-connected component H of G with a par- 
tition (H1,H2) such that every vertex outside H is adjacent o all vertices in Hi 
and to no vertex in 1-12; 
(4) G is p-connected. 
As shown in [10], this theorem suggests to represent an arbitrary graph by a labeled 
rooted tree which is constructed in the obvious recursive way. The labels of the interior 
nodes of the tree correspond to the first three cases in the structure theorem, while the 
leaves are the p-connected components. 
The concept of p-connectedness, obviously, sharpens the usual connectedness of
graphs, since a graph is connected, in the usual sense, if for every partition of V into 
nonempty disjoint sets Vl and V2 there exists an edge with one endpoint in V1 and 
the other one in V2. A more common characterization states that each pair of different 
vertices is connected by a path. Very recently a similar characterization f p-connected 
graphs in terms of so-called p-chains has been established. 
A P4-chain, or p-chain for short, connecting vertices u and v is defined to be a 
sequence of pairwise different vertices @1, v: . . . . .  vt) such that 
• u=v l ,  v=vt ,  and 
• Xi := {vi, vi+l,Vi+:,vi+3} induces a P4, for i = 1,2,. . . , t  - 3. 
We shall say that two vertices u and v are connected by a unique p-chain iff the 
sequence of sets X1,X2 . . . . .  Xt-3 is unique. Occasionally, a p-chain consisting of four 
vertices is said to be a trivial p-chain. It is an important feature that p-chains are 
invariant under complementation, i.e. a p-chain in G is also a p-chain in G. The 
following theorem has been proved in [2]. 
Theorem 2. A 9raph G is p-connected if and only if every pair of different vertices 
u, v ¢ V is connected by a p-chain. 
For convenience, two vertices u and v are termed p-connected if either u = v holds 
or there exists a p-chain connecting u and v. It is shown in [2] that p-connectedness 
of vertices is an equivalence relation on V. The equivalence classes are precisely the 
vertex-sets of the p-connected components. 
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3. p-articulation vertices 
A vertex v of  a p -connected graph G will be called a p -articulation vertex if G - v 
is not p-connected. Obviously, a p-articulation vertex in G is also a p-articulation 
vertex in the complement G. The next statement presents equivalent conditions for a 
vertex to be a p-articulation vertex. 
Theorem 3. Let G = (V,E) be p-connected and v E V. Then the followin9 statements 
are equivalent: 
(1) v is a p-articulation vertex; 
(2) There exist vertices x and y different from v such that every p-chain connectin9 
x and y contains v; 
(3) There exists a partition Vb V2 of V -  {v} such that for every two vertices x E VI 
and y E V2, every p-chain connectinq x and y contains v. 
Proof. (1) ~ (3): Since v is a p-articulation vertex, G-  v is not p-connected and 
there is a partition V1, V2 of  V -  {v} without a crossing P4. Let x and y be two 
arbitrary vertices from VI and V2, respectively. In G - v no p-chain exists connecting 
x and y since each such p-chain must contain a P4 with vertices from both VI and 
V2. Therefore, every p-chain connecting x and y in G contains v. 
(3) ~ (2): This is obvious since (2) is a special case of  (3). 
(2) =~ (1): I f  in G every p-chain connecting x and y contains v then there is no 
p-chain connecting x and y in G - v. Due to Theorem 2, the graph G - v is not 
p-connected and, therefore, v is a p-articulation vertex. [] 
A graph G = (V,E) is termed a spider (see Fig. 1) if its vertex-set V can be 
partitioned into disjoint sets S and K such that 
• IS[ = IKI ~>2, S is a stable set, K is a clique; 
• there exists a bijective mapping f : S --* K such that either 
N(s) = {f(s)}  for all vertices s E S 
or else 
N(s) = K - {f(s)}  for all vertices s E S. 
Fig. 1. The spiders with eight vertices. 
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The smallest spider is the P4, spiders with more than four vertices are referred to as 
proper spiders. Note that the complement of a spider is also a spider. Furthermore, 
spiders are easily seen to be p-connected graphs. 
A graph G = (V,E)  is minimally p-connected if G is p-connected and G-v  is not 
p-connected for all v E V, i.e. every vertex in G is a p-articulation vertex. Part (a) 
of the next statement has been shown in [1], the proof of part (b) is straightforward 
and therefore omitted. 
Theorem 4. (a) A graph G is' minimally p -connected if and only iv/" G is a spider; 
(b) A graph G is minimally p-connected if and only if 
G is p-connected and no two P4s in G share three vertices. 
For further reference let us state the following simple observation. 
Observation 1. I f  G is p-connected then there is an ordering (v,,,v,,-i . . . . .  vl) o f  
V and an integer k E {4,5 . . . . .  n} such that G({v,,vi ~ . . . . .  vl}) is' p-connected for 
i = n . . . . .  k + 1 and minimally p-connected for i = k. 
The previous theorem allows to determine a lower bound for the number of P4s 
which occur in a p-connected graph. 
Corollary 1. I f  G is p-connected then G contains at least n - 3 P4s. 
Proof. In a p-connected graph G each vertex v ~ V belongs to at least one P4 since 
there is a crossing P4 between any two sets {v} and V-  {v}. Therefore, Observation 
1 implies that every vertex vi, i = n,n - l , . . . , k  + 1, belongs to at least one P4 in the 
subgraph G({ Vi, Vi - -  1 . . . . .  V 1 }). Due to Theorem 4, the subgraph G({ vk, V~._ I. . . . .  v l } ) is 
r a spider. Since a spider with k = 2r vertices contains exactly (2) P4s, we conclude 
1" that G contains at least n -  2r+(2 ) P4s, thus at least n -  3 P4S. F-] 
We conclude this section with the following useful result (the proof is standard 
routine and left to the reader). 
Theorem 5. Let G be a p-connected graph. I f  G is not minimally p-connected then 
G contains at least two vertices which are not p-articulation vertices. 
4. p-forests and p-trees 
Let a p-cycle denote a graph where each vertex belongs to at least two P4s and 
which is minimal with this property, i.e. every proper induced subgraph has a ver-- 
tex which belongs to at most one P4. Obviously, p-cycles are p-connected graphs. 
Important examples of p-cycles are the chordless cycles Ck of length k ~> 5 and their 
complements, and spiders with six vertices (for further examples ee Fig. 2). 
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Fig. 2. Some xamples ofp-cycles. 
We define a p-forest to be a graph which does not contain an induced p-cycle. 
The p-connected components of a p-forest are called p-trees. Thus, a p-tree is a 
p-connected graph without induced p-cycles. The smallest p-tree is the P4 which 
occasionally will be called the trivial p-tree. 
p-forests are provided with some obvious nice properties. For instance, if G is a p -  
forest hen the complementary graph G and all induced subgraphs of G are p -forests. It 
is evident hat p-forests are weakly triangulated (a graph is called weakly triangulated 
[6] if neither the graph nor its complement contains an induced cycle of length greater 
than four). Moreover, p-forests are contained in a very important subclass of weakly 
triangulated graphs. A graph G is called brittle [4] if each induced subgraph H of G 
contains a vertex which is either not the endpoint or not the midpoint of any P4 in 
H. If G is a p-forest then, obviously, each induced subgraph H contains a vertex v 
which belongs to at most one P4, thus v is either not the endpoint or not the midpoint 
of any P4 in H. This implies: 
Lemma 1. p-forests are brittle graphs. 
The class of p-forests in a natural way generalizes the well known classes of 
cographs [5] and Pa-reducible graphs [7]. In a cograph no vertex belongs to a P4, 
since cographs are precisely the graphs which do not contain any P4. P4-reducible 
graphs are those graphs where no vertex belongs to more than one P4. Furthermore, 
p-forests are strongly related to several interesting classes of (q, t)-graphs. A graph is 
a (q, t)-graph if no set of at most q vertices induces more than t distinct Pas. (q, t)- 
graphs have been introduced and analyzed in [1]. In particular, it has been shown that 
(q,q-4)-graphs are brittle graphs for 4~<q~<8 and, for any fixed q~>4, (q,q-4)-graphs 
admit a unique tree representation which enables an efficient isomorphism test. Note 
that (4, 0)-graphs are exactly the cographs, (5, 1)-graphs coincide with the well known 
class of Pa-sparse graphs [9], and (6,2)-graphs are exactly the Cs-free Pn-extendible 
graphs [8]. It is known from [9] that p-connected (5, 1)-graphs are spiders. Further- 
more, it has been shown in [1] that every p-connected (7,3)-graph with more than 
six vertices is a spider. Excepting these two cases, every p-connected (q, q -  4)-graph 
has less than q vertices. 
Lemma 2. (q, q -  4)-graphs without proper induced spiders are p -forests for 4 <~ q <,% 7. 
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Proof.  There is nothing to prove for q = 4. The case q =: 5 is settled using the fact 
that a (5,1)-graph, which does not contain an induced spider with more than four 
vertices, is Pa-reducible. For 6 <~q <~ 7, the statement can be verified by an exhaustive 
search, taking into account that it suffices to examine the p-connected components of 
a graph (which are of  size at most q - 1). [] 
On the other side, we can prove: 
Lemma 3. p-forests are (q ,q -  3)-graphs for any q>~4. 
Proof. Let G = (V,E)  be a p-forest.  As already indicated before, every induced sub- 
graph of  G contains a vertex which belongs to at most one P4. Therefore, 
the vertices of  V can be renumbered by vn,v,_~,...,v~ in such a way that, for i = n, 
n - 1 . . . . .  1, vertex vi belongs to at most one P4 in the subgraph G({vi,vi_l . . . . .  vl}). 
Now choose any subset U from V consisting of  q vertices, say U -- {vi~, vi~ . . . . . .  vi~ } 
with iq > iq-I ;> " ' '  2> i l .  Since every vertex vii belongs to at most one P4 in the 
subgraph G({v~j,vij_~ . . . . .  vh} ), we conclude that G(U)  contains at most q -  3 P4s. 
Thus, G is a (q,q - 3)-graph. [] 
5. Structural results for p-trees 
A vertex v is called a p-end-vertex if v belongs to exactly one P4 .  The following 
statement shows that in an arbitrary p-connected graph with more than four vertices 
no p-end-vertex is a p-art iculation vertex. 
Lemma 4. Let G be a nontrivial p-connected graph and v a p-end-vertex in G. 
Then G-  v is p-connected 
Proof. Let X denote the vertex-set of  the unique P4 containing v and let w E V - X. 
Since G is p-connected, Theorem 2 implies that there is a p-chain  connecting w with 
any other vertex u E V. I f  u ~ v then the p-chain connecting w and u does not 
contain v. Otherwise v would be an inner vertex of  a nontrivial p -chain  and belong 
to more than one P4, in contradiction to the fact that v is a p-end-vertex. This shows 
that G-  v is p-connected. [] 
In particular, we immediately obtain for p-trees: 
Corollary 2. Let G be a nontrivial p-tree and v a p-end-vertex in G. Then G - v 
is a p-tree. 
We are now in a position to present he main result of this section. 
Theorem 6. For a graph G = (V,E) the following statements are equivalent: 
(1) G is a p-tree; 
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(2) G is p-connected and every p-connected induced subgraph H of G contains at 
least one p-end-vertex; 
(3) G is p-connected, contains no proper induced spider and has exactly n - 3 Pas; 
(4) G contains no induced p-cycle and has exactly n - 3 P4s; 
(5) G is p-connected, contains no proper induced spider and each vertex of  a p-  
connected induced subgraph H of G is either a p -end-vertex or a p -articulation 
vertex in H; 
(6) G contains no proper induced spider and each pair of  vertices is connected either 
by a unique nontrivial p-chain or by trivial p-chains only. 
Proof. (1) ~ (2): Since G is a p-tree, G is p-connected. Let H be a p-connected 
induced subgraph of G. As pointed out before, each vertex of a p-connected graph is 
contained in at least one P4. Assume that H does not contain a p-end-vertex. Then 
each vertex of  H belongs to at least two P4s. This implies that H, and consequently 
G, contains an induced p-cycle, a contradiction. 
(2) ~ (3): Clearly, a proper spider is p-connected and contains no p-end-vertices. 
Repeatedly applying Lemma 4 shows that G contains precisely n - 3 P4s. 
(3) ~ (4): Let G be p-connected without proper induced spiders. Observation 1 and 
Theorem 4 imply the existence of a vertex order (vn, Vn-I . . . . .  V 1 ) of  V such that Gi := 
G({vi, vi-1 . . . . .  vl }) is p-connected for i = n, n -  1 . . . . .  4. In particular, vi belongs to at 
least one P4 in Gi. Since G contains exactly n - 3 P4s we conclude that v i belongs to 
exactly one/ '4  in Gi. Assume that G contains an induced p-cycle H and let vk, k~>4, 
be the vertex of  H with largest index. Since each vertex of  a p-cycle belongs to at least 
two P4s, v~ must belong to at least two P4s in Gk. This, however, is a contradiction. 
(4) ~ (1): Let G be a graph with n -  3 P4s and without induced p-cycles. We 
have to prove that G is p -connected. Every induced subgraph of  G has a vertex which 
belongs to at most one P4, otherwise G would contain an induced p-cycle. For that 
reason there is a vertex order (v,,vn-i .. . . .  vl) of V such that v i belongs to at most 
one P4 in Gi :-- G({vi, vi_l .. . . .  vi}), i = n,n -  1 . . . . .  1. On the other side, since G has 
n - 3 Pas, vi must belong to exactly one P4 in Gi for i = n, n - 1 .... ,4. Assume that 
G is not p-connected. Then there is a partition U, V - U of  V without a crossing P4. 
Let w.l.o.g, vl E U and denote j the smallest index such that vj ~ U. I f j~>4 then, 
due to the above, vj belongs to a P4 in Gj. This P4 is crossing between U and V -  U. 
I f  j < 4 then G4 is a crossing P4, again a contradiction. 
(2) ~ (5): G does not contain a proper induced spider since these graphs are 
p-connected and do not have any p-end-vertices. Let H be a p-connected induced 
subgraph of G. Since each p-connected induced subgraph of H contains a p-end- 
vertex, H is without induced p-cycles and, consequently, a p-tree. Let U denote the 
vertex-set of  H. Due to the implication (1) ~ (3), which has already been proved 
before, H contains ]U] -  3 P4 s. Suppose that v E U is not a p-articulation vertex, i.e. 
H - v is p -connected. Analogously, as before we see that the graph H - v is a p -tree, 
thus it contains ]U] -  4 Pas. This shows that v belongs to exactly one P4 in H, hence 
v is a p-end-vertex in H. 
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(5) ~ (2): Let H be a p-connected induced subgraph of  G and assume that H 
has no p-end-vertex. Then H has more than four vertices and every vertex in H is a 
p-articulation vertex, i.e. H is minimally p-connected. Now, we know from Theorem 
4 that H is a proper spider. However, this is not allowed. 
Before the proof of  the theorem will be finished, we need the following intermediate 
result. 
Corol lary 3. A p- t ree G contains at least two p-end-vertices u and v. Furthermore, 
i f  G is a nontrivial p-tree, then u and v do not belong to a common P4. 
Proof. The statement is obviously true if G is the trivial p-tree. Let G be a p-tree 
with more than four vertices. Since G is not minimally p-connected, we know from 
Theorem 5 that G contains two vertices u and v which are not p-articulation vertices. 
The equivalence (1) ~ (5) implies that u and v are p-end-vertices. 
Assume that u and v belong to a common P4. By Lemma 4 the graph 
G - u is p-connected and, hence, there is at least one P4 in G - u which contains 
v. This is a contradiction since now v belongs to at least two P4s in G and is not a 
p -end-vertex. [] 
Proof of Theorem 6 (Continued). (1) ~ (6): Let G be a p-tree. As already seen 
before, G contains no proper induced spiders. Since G is p-connected, Theorem 2 
implies that each pair of  vertices is connected by a p-chain. Assume that there are 
vertices u, v which are connected by two p -chains, at least one of  them being nontrivial. 
Denote these p-chains by (u = Ul ,U  2 . . . . .  It,. = V) and (u = vl,v2 . . . . .  v,. = v) with r>~5 
and s >~ 4. We distinguish two cases according to the size of s. 
Assume first that s >/5. Let j be minimal such that uj ¢ vi and k be minimal 
such that u,. k ¢; v~-k. I f  j-.G<4 and k~<4 then define W = {Ul . . . . .  ur, vl . . . . .  v~}. If 
j > 4 and k~<4 then let W = {Ui-3 . . . . .  u,.,Uj 3, . . . ,v ,}.  Similarly, i f j~<4 and k > 4 
then let W = {ul . . . . .  Ur-k+3,Vl . . . . .  V.,-k+3}. Finally, if  j > 4 and k > 4 then define 
W - {u j -3 . . . . .  ur k+3,v~-3 . . . . .  vs-k+3}. In all these cases, the first and the last vertex 
from W belong to at least two PaS in G(W).  All other vertices are inner vertices of 
p-chains with at least five vertices and, therefore, belong to at least two P4s, too. This 
shows that G(W)  contains an induced p-cyc le  in contradiction to the fact that G is a 
p -tree. 
Let now s = 4. Define W = {u, u2 . . . . .  u~_l,v2, v3,v}, i.e. W contains the vertices of 
both p-chains. Clearly, G(W)  is p-connected, thus G(W)  is a p-tree. The vertices 
u2,. . . ,  u,._ ~ are inner vertices of a nontrivial p -chain and, therefore, belong to at least 
two P4s. Obviously, u and v belong to at least two P4s, tOO. Therefore, v2 and v3 
are the only candidates for p-end-vert ices in G(W).  However, v2 and v3 belong to a 
common P4. This is a contradiction to Corollary 3. 
(6) ~ (1): Let G be a graph satisfying (6). Each pair of vertices is connected by 
a p-chain,  hence Theorem 2 implies that G is p-connected. It remains to show that 
G does not contain an induced p-cycle.  
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We prove that a p -cyc le  H,  which is not a spider, contains two vertices which are 
connected by two different p-chains,  at least one of  them being nontrivial. Due to 
the minimality property of  a p-cycle,  each proper induced p-connected subgraph is a 
p-tree.  Since H is not a spider there is a vertex z such that H - z  is p-connected, 
thus a p-tree. 
I f  H - z consists of  four vertices then H - z is a P4 and it is easy to verify that H 
must be a chordless cycle C5 of  length five. Clearly, each pair of  adjacent vertices in 
a C5 is connected by a trivial and by a nontrivial p-chain. Therefore, we can assume 
that H - z is a nontrivial p-tree. 
Due to Corollary 3 the graph H -z  contains p-end-vert ices u and v which do not 
belong to a common P4. Since H -z  is p-connected, Theorem 2 implies that there is 
a p-cha in  (u = vl, v2 . . . .  , vt = v) connecting u and v with t > 4. On the other side, 
since in H each vertex belongs to at least two Pas, there must be P4s containing u 
and z respectively v and z. I f  there is a P4 which contains u, v and z then u and v are 
connected by a trivial and a nontrivial p-chain and we are done. 
Otherwise, let X and Y denote the vertex-sets of  P4s with u and z, respectively, 
v and z. Obviously, G(X tA Y) is p-connected. By Theorem 2 there is a p-chain in 
G(X U Y) connecting u and v. Now {vl,v2 . . . . .  Vt} C XtA Y must hold, otherwise there 
are two p-chains between u and v, at least one of  them being nontrivial, and we are 
done. In particular, we have 5 ~< t ~< 6 and hence one of  the sets X, Y, say X, contains 
two vertices from {v2 . . . . .  vt-1 }. 
I f  v5 E X then u and v5 are connected by p -chains with four and five vertices and 
we are done. Otherwise denote the two vertices from {v2, v3, v4} which belong to X 
by vi, v j, the remaining vertex by vk. Clearly, z and vk are connected by the nontrivial 
p -chain (z, u, vi, v j, vk). 
Consider now the graph which is induced by {v2 . . . . .  Vt-l} U Y. Since there is a 
p-cha in  connecting v with every other vertex, this graph is p-connected. On the other 
hand, by Theorem 2, the graph must contain a p-chain  between z and vk. In particular, 
u does not belong to this p-chain.  Hence, there are two different p-chains between z
and vk, at least one of  them is nontrivial. This proves the claim. [] 
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